Abstract. We present examples of noncommutative four-spheres that are base spaces of SU(2)-principal bundles with noncommutative seven-spheres as total spaces. The noncommutative coordinate algebras of the four-spheres are generated by the entries of a projection which is invariant under the action of SU(2). We give conditions for the components of the Connes-Chern character of the projection to vanish but the second (the top) one. The latter is then a non zero Hochschild cycle that plays the role of the volume form for the noncommutative four-spheres.
Introduction and motivations
The duality between spaces and algebras of functions on the spaces is at the basis of noncommutative geometry. One gives up the commutativity of the algebras of functions while replacing them by appropriate classes of noncommutative associative algebras which are considered as "algebras of functions" on (virtual) "noncommutative spaces".
For instance, one may consider noncommutative associative algebras generated by coordinates functions that satisfy relations other than the commutation between them, thus generalizing the polynomial algebras and defining thereby noncommutative vector spaces.
In this context, in the papers [5] and [6] there were defined noncommutative finitedimensional Euclidean spaces and noncommutative products of them. These "spaces" were given in the general framework of the theory of regular algebras, which are a natural noncommutative generalizations of the algebras of polynomials. There were also defined noncommutative spheres and noncommutative product of spheres. These are examples of noncommutative spherical manifolds related to the vanishing of suitable Connes-Chern classes of projections or unitaries in the sense of the work [4] and [3] .
In this paper we go one step further and consider actions of (classical) groups on noncommutative spheres and quotient thereof. In particular we present examples of noncommutative four-spheres that are base spaces of SU(2)-principal bundles with noncommutative seven-spheres as total spaces. This means that the noncommutative algebra of coordinate functions on the four-sphere is identified as a subalgebra of invariant elements for an action of the classical group SU(2) on the noncommutative algebra of coordinate functions on the seven-sphere. Conditions for these to qualify as noncommutative principal bundles are satisfied. The four-sphere algebra is generated by the entries of a projection which yields a noncommutative vector bundle over the sphere. Under suitable conditions the components of the Connes-Chern character of the projection vanish but the second (the top) one. The latter is then a non zero Hochschild cycle that plays the role of the volume form for the noncommutative four-sphere.
The plan of the paper is organized as follows. In Section 2 we recall from [5] and [6] results on the quadratic algebras that we need and some of the solutions for noncommutative spheres S 7 R that we use later on (here R is a matrix of deformation parameters). In Section 3, out of the functions on the seven-sphere S 7 R we construct a projection in a matrix algebra over these functions, whose entries are invariant for a right action of SU(2) and thus generate a subalgebra that we identify as the coordinate algebra of a four-sphere S 4 R . We also show that this algebra inclusion is a noncommutative principal bundles with classical structure group SU(2). In Section 3.4 the * -structure on the algebra of functions of S 4 R is related to the vanishing of a component of the Connes-Chern character of the projection (and of a related unitary), a fact that put some restriction on the possible deformation matrices R, but makes the spheres examples of noncommutative spherical manifolds [4] , [3] . We also exhibit explicit families of noncommutative four-sphere algebras. The Appendix A is devoted to some very basic notions of noncommutative principal bundles, while the Appendix B relates Connes-Chern characters of idempotents and unitaries to Hochschild cycles and noncommutative volume forms.
Notation. We use Einstein convention of summing over repeated up-down indices. An algebra is always an associative algebra and a graded algebra is meant to be N-graded.
2.
A family of quadratic algebras 2.1. General definitions and properties. In [5] and [6] there were considered complex algebras A R generated by two sets of hermitian elements x = (x 1 , x 2 ) = (x λ 1 , x α 2 ), with λ ∈ {1, . . . , N 1 } and α ∈ {1, . . . , N 2 }, subject to relations
for a 'matrix' (R λα βµ ). Here R λα βµ ∈ C is the complex conjugates of the R λα βµ ∈ C. The class of relevant matrices R was defined by a series of conditions that we recall momentarily.
The quadratic complex algebra A R is a graded algebra A R = ⊕ n∈N (A R ) n which is connected, that is (A R ) 0 = C1l. Moreover, the quadratic relations (2.1) of A R imply that there is a unique structure of * -algebra on A R for which the x λ 1 (λ ∈ {1, . . . , N 1 }) and the x α 2 (α ∈ {1, . . . , N 2 }) are hermitian,
* . This structure is graded in the sense that one has f * ∈ (A R ) n ⇔ f ∈ (A R ) n and A R is the quadratic * -algebra generated by the hermitian elements x and A R 0 is the coordinate algebra over the product R N 1 × R N 2 . Thus, the algebra A R is though to define by duality the noncommutative product of R N 1 × R R N 2 , that is A R is the algebra of coordinate functions on the noncommutative vector space
If we collect together the coordinates, defining the x a for a ∈ {1, 2, . . . ,
, the relations (2.1) with (2.2) can be written in the form
3)
The R ab cd are the matrix elements of an endomorphism R of (A R ) 1 ⊗ (A R ) 1 . It follows from (2.2) that the R matrix is involutive, that is
where I is the identity mapping of (A R ) 1 onto itself. One next imposes that the matrix R satisfies the Yang-Baxter equation 5) which then breaks in a series of conditions on the starting matrix R λα βµ in (2.1). Finally, additional conditions on the matrix R λα βµ comes by requiring that both quadratic elements (
We refer to [5, 6] for a full analysis of the conditions that the matrix R λα βµ is required to satisfy. Here we mention that the reality condition (2.2), together with the requirement that the quadratic elements (x 1 ) 2 and (x 2 ) 2 be central, leads to the symmetry conditions
as well as to the quadratic conditions
which then (under (2.6)) are equivalent to the cubic relations of the Yang-Baxter equations. The general solution of these equations was given in [6] as follows. By setting
with the A r real symmetric N 1 ×N 1 matrices and the B r real symmetric N 2 ×N 2 matrices, both set taken to be linearly independent; and the C a real anti-symmetric N 1 ×N 1 matrices and the D a real anti-symmetric N 2 × N 2 matrices (again both set taken to be linearly independent). Furthermore, they are such that
10) for r, s ∈ {1, . . . , p} and a, b ∈ {1, . . . , q}, with normalization condition With the quadratic elements (
2 of A R being central, one may consider the quotient algebra
which defines by duality the noncommutative product
Indeed, for R = R 0 , the above quotient is the restriction to
Furthermore, with the central quadratic element
This defines (by duality) the noncommutative (
shown in [6] to be a noncommutative spherical manifold in the sense of [4] and [3] .
2.2. Some quaternionic geometry. When N 1 = N 2 = 4, explicit solutions for the matrix R λα βµ were given in [5] and [6] by using results on the geometry of quaternions. The space of quaternions H is identified with R 4 in the usual way:
Here e 0 = 1 and the imaginary units e a obey the multiplication rule of the algebra H:
ε abc e c .
From this it follows an identification of the unit quaternions U 1 (H) = {q ∈ H |= 1} with the euclidean three-sphere
With the identification (2.12), left and right multiplication of quaternions are represented by matrices acting on R 4 :
. For q a unit quaternion, both E + q and E − q are orthogonal matrices. In fact the unit quaternions form a subgroup of the multiplicative group H * of non vanishing quaternions. When restricting to these, one has then the identification
that is E + q and E − q , for q ∈ U 1 (H), are commuting SU(2) actions (each in the 'defining representation') on R 4 , or together an action of SU(2) L ×SU(2) R on R 4 , with L/R denoting left/right action. This action is the adjoint one, an action of SO (4) 
Let us denote E ± a = E ± ea for the imaginary units. By definition one has that
In the following, it will turn out to be more convenient to change a sign to the 'right' matrices: we shall rather use matrices J 
that is the matrices J ± a are two copies of the quaternionic imaginary units. Indeed for these 4 × 4 real matrices J ± a one can explicitly compute
(2.13)
With the identification U 1 (H) ≃ SU(2), when acting on R 4 , the matrices J ± a are a representation of the Lie algebra su(2) of SU (2), or taken together a representation of su(2) L ⊕ su(2) R . For the standard positive definite scalar product on R 4 , the six matrices J 
2.3.
Noncommutative quaternionic tori and spheres. Referring to the above, we have explicit solutions for the deformation matrix in (2.8). Firstly, with any vector u = (u 1 , u 2 , u 3 ) ∈ R 3 we get antisymmetric matrices
. With this notation, consider the matrix
Clearly, all the commutation relation (2.9) and (2.10) are satisfied. Thus, with this matrix, we define A R as the * -algebra generated by the hermitian elements x λ 1 and x α 2 , λ, α ∈ {0, 1, 2, 3}, with relations
But using the action of SO(3) one can always rotate v to a fixed direction u, and in this case the resulting matrix R has parameters u 0 ∈ R and u ∈ R 3 constrained to
that is they make up a three-dimensional sphere S 3 . There is in fact a residual 'gauge' freedom in that one can use a rotation around the direction u to remove one component of the vector u. Thus if u 1 and u 2 are two orthogonal unit vectors (say in the canonical basis), we get families of noncommutative spaces determined by the matrices
and parameters constrained by a two-dimensional sphere
These constructions lead to natural quaternionic generalisations of the toric fourdimensional noncommutative spaces described in [4] for which the space of deformation parameter is
Indeed, in parallel to the complex case were there is an action of the classical torus T 2 , there is now an action of the classical quaternionic torus (2) by * -automorphisms of the algebra A R given as follows.
In view of the commutations of the J − a with the J + b for a, b ∈ {1, 2, 3}, the mappings This induces an action of U 1 (H) × U 1 (H) on A R by restriction to the q ∈ U 1 (H) which passes to the quotient by the ideal generated by the two central elements (
2 and defines an action of the classical quaternionic torus U 1 (H) × U 1 (H) by * -automorphisms of the coordinate algebra
of the "noncommutative" quaternionic torus (T 2 H ) R . The action also passes to the quotient by the ideal generated by the central element (x 1 ) 2 + (x 2 ) 2 and defines an action of the classical quaternionic torus U 1 (H) ×U 1 (H) by * -automorphisms of the coordinate algebra
of a noncommutative seven-sphere S 
Principal fibrations
We are going to define natural SU(2)-principal bundles S 7 R → S 4 R in the 'dual' sense of a coordinate algebra A(S 4 R ) on a four-sphere that is identified as the invariant subalgebra of the coordinate algebra A(S 7 R ) on a seven-sphere, for an action of the group SU(2).
3.1.
A canonical projection. In parallel with (2.12) consider the two quaternions has norm ψ, ψ = ||x 1 || 2 + ||x 2 || 2 = 1l
and thus we get a projection 
for k, r, m = 1, 2, 3 and totally antisymmetric tensor ε krm , together with
Then condition (3.5) reduces to a four-sphere relation
Being Y 4 central, these relations also give that both 
3.2. Noncommutative SU(2)-principal bundles. As mentioned, due to the relations (3.10), the elements Y µ generate the * -algebra A(S 
Clearly, the projection p and then the algebra A(S 4 R ) are invariant for this action. On the other hand, in general the action (3.14) does not preserve the commutation relations of the S 7 R and thus not results into an action by * -automorphisms of the coordinate algebra A(S 7 R ). Let us assume this is the case, that is the action preserves the commutation relations and postpone to later on the study of deformations that meet this condition. If we denote H = A(SU (2)) we have dually a co-action δ of H by * -automorphisms on A(S 7 R ) with algebra of co-invariant element again the subalgebra A(S 4 R ). Proposition 3.3. Let the action of SU (2) in (3.14) be by * -automorphisms of the coordinate algebra A(S 7 R ) and let H = A(SU (2)). Then the canonical map
is bijective.
Proof. With |ψ as in (3.1), one has that χ ψ| ⊗ A(S 4 R ) |ψ = ψ| δ(|ψ ) = ψ, ψ ⊗ w = 1l ⊗ w. As described in the Appendix A this is enough for the surjectivity of χ. Moreover, being the structure group classical (and semisimple), again as mentioned in that appendix, surjectivity is equivalent to bijectivity (see [7] for a similar construction and example).
3.3. Volume forms. We have already observed that the unit radius conditions in (3.5) requires that the 'quaternion' 
and ch3 On the other hand, for the projection p in (3.4) one has at once that
Moreover, being the four-sphere S 
Then, similarly to before, the element ch 2 (p) = (p − 
One has then the following 
with u ∈ U(1) and S ∈ SO(4) a real rotation. Under this transformation, the symmetric unitary matrix Λ in (3.18) transforms as
Then it can be diagonalized by a real rotation S and with a further normalization (by a factor u ∈ U(1)) it can alway be put in the form
for suitable angles θ 1 , θ 2 , θ 3 (see [3, §2] ).
The quaternionic family of four-spheres
Let us now consider the quaternionic deformations mentioned in section 2.3 governed by the deformation matrix in (2.16) and in particular the noncommutative seven-sphere. As we have seen, there is a compatible action of U 1 (H) × U 1 (H) by * -automorphisms of the corresponding coordinate algebra. Then for the action in (3.14) we may take the diagonal action by w = w 0 + w a e a ∈ U 1 (H) → w 0 1l + w a J 
Proof. A comparison with the matrices (2.13) shows that 
, from which one gets the explicit expressions in (4.1) and (4.2).
With the * -structure of the previous proposition one shows that none of the generators is normal, that is Y µ * Y µ = Y µ Y µ * while the condition (3.9) is automatically satisfied. On the other hand, the commutation relations (3.7) and (3.8) can be written as:
For the structure Λ in (4.1) and (4.2), the matrix
being symmetric and unitary, can be diagonalized by a real rotation S: one finds eigen-
With a further normalization by the factor u 0 − i (u 1 ) 2 + (u 2 ) 2 ∈ U(1), the matrix Λ ′ can be put in the form
and a direct computation gives:
The sphere S 4 R = S 4 θ is then (isomorphic to) a θ-deformation, as the one introduced in [4] Appendix A. Noncommutative principal bundles Quantum (noncommutative) principal bundles we are interested in were introduced in [1] . As a total space one considers an algebra P and as structure group a Hopf algebra H. The algebra P is a right H-comodule algebra with right coaction ∆ R : P → P ⊗ H (for which one uses Sweedler-like notation: ∆ R (p) = p (0) ⊗ p (1) ). The subalgebra of the right coinvariant elements, B = P H := {p ∈ P : ∆ R p = p ⊗ 1}, is the base space algebra of the bundle. At the algebraic level the principality of the bundle is the requirement that the "canonical map"
is bijective. This is indeed the definition that the inclusion B ֒→ P be a Hopf-Galois extension [9] . The canonical map is left P -linear and right H-colinear and is a morphism (an isomorphism for Hopf-Galois extensions) of left P -modules and right H-comodules.
It is also clear that P is both a left and a right B-module.
For structure Hopf algebras H which are cosemisimple and have bijective antipodes, Theorem I of [9] grants additional nice properties. In particular, the surjectivity of the canonical map implies its bijectivity. Moreover, in order to prove surjectivity of χ, it is enough to prove that for any generator h of H, the element 1 ⊗ h is in the image of the canonical map. Indeed, if χ(g k ⊗ B g
= 1 ⊗ hg, using the fact that the canonical map restricted to 1 ⊗ B P is a homomorphism. Extension to all of P ⊗ B P then follows from left P -linearity of χ. It is also easy to write down an explicit expression for the inverse of the canonical map. Indeed, one has χ −1 (1 ⊗ hg) = g k h l ⊗ B h ′ l g ′ k in the above notation so that the general form of the inverse follows again from left P -linearity.
Appendix B. Connes-Chern characters and volume forms
Let A be a unital algebra over C and let A = A/C1l be the quotient of A by the scalar multiples of the unit 1l. Given an idempotent, e = (e i j ) ∈ Mat r (A) e 2 = e, the component ch k (e) of the (reduced) Chern character of e is the element of A ⊗ ( A) ⊗2k , given explicitly by the formula ch k (e) = λ k (e −
